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Abstract A theory of high harmonic generation and

ionization of coherently rotating and vibrating linear

molecules by a delayed pair of intense ultrashort laser

pulses is presented. It correlates the nuclear motions in real

time with the modulation of the harmonic emission and

ionization signals as a function of the time-delay between

the exciting and the probing pulses. An illustrative

analytical example of the excitation and detection of

the clock-motion associated with the ‘‘0–1’’ vibrational

oscillation of a diatomic molecule is also given.
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1 Introduction

High harmonic generation (HHG) and ionization are two

most conspicuous phenomena associated with interaction of

molecules with very intense ultrashort (femtosecond to

attosecond) laser pulses. In the dynamic HHG experiments

(e.g., [1–6]), coherent nuclear motions are induced and

monitored by two intense ultrashort laser pulses, one of

which (the ‘‘pump’’ pulse) sets the molecules in coherent

rotational motion, and a second pulse (the ‘‘probe’’ pulse)

causes the rotating molecule to emit high harmonic radiations

(at a multiple of the laser frequency). The HHG emission

intensity is recorded as a function of the time-delay between

the pump and the probe pulses, and thus it serves as the signal

that monitors the underlying coherent nuclear motion. Cur-

rent theoretical interests in molecular HHG are increasingly

moving to explore (e.g., [7–12]) the ultrafast time-dependent

effects of nuclear motions on the HHG signals. Recently, a

quantum S-matrix theory [8–10] of intense-field pump–probe

experiments and analysis of the dynamic HHG signals

observed in the experiments have been given. The S-matrix

theory is shown to reproduce all the salient characteristics of

rotational coherence, dynamic alignment, and HHG signals

observed both in time and frequency domains. They also

reproduce the dependence of the dynamic HHG signal on the

relative angle between the polarization axes of the pump and

the probe pulses. The theory has also predicted the existence

of a symmetry-dependent ‘‘magic angle’’ (arctan
ffiffiffi

2
p
� 55�)

for the relative polarization directions, for which the dynamic

signal becomes independent of the time-delay and produces a

uniform HHG signal. This effect being generic in nature can

help to identify the active molecular orbital symmetry of an

unknown linear molecule [9]. Both the existence of the

‘‘magic angle’’ and its neighborhood and their generic

dependence on the orbital symmetry, as predicted, have now

been seen experimentally [5, 6]. In view of the fruitfulness of

the intense-field S-matrix theory, in this paper, we extend the

theory to incorporate the vibrational motion, and derive a

mathematical expression for the dynamic HHG signal for

future analyses of simultaneous ro-vibrational coherence in

intense-field pump–probe experiments. Before concluding,

we also give an explicit example of vibrational coherence (in

the form of a ‘‘clock-motion’’) that can be induced and

detected by observing the modulation of the ionization signal

from a diatomic molecule.
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2 Theoretical formulation

Both HHG and ionization of atoms and molecules by strong

laser fields can be described fruitfully within the intense-field

many body S-matrix theory (or IMST), see [13] for a review.

IMST provides a means of systematically rearranging the

usual S-matrix series in such a way that the most relevant

highly non-perturbative contributions of the laser interaction

in a given process of interest may appear in the leading terms

of the new series. For example, for the ionization process, the

leading term of the IMST series corresponds to the so-called

strong-field KFR1 approximation that provides, in the limiting

case of high intensity and/or low frequency, the well-known

‘‘optical tunneling’’ mechanism of ionization of atoms and

molecules in intense laser fields. Its application to molecules

led to the discovery of the symmetry-dependent molecular

two-slit interference effect and the related phenomenon of

‘‘suppressed ionization’’ of molecules [14] in strong laser

fields. The second leading term of IMST (or KFR2 approx-

imation) yielded the first quantum mechanical theory of non-

sequential double ionization (NSDI) [15, 16] and of high

harmonic generation [17]. They also provided the quantum

mechanical justifications and basis for the intuitively

appealing classical ‘‘re-scattering’’ mechanism [18, 19].

The fundamental quantity in quantum electrodynamics

(QED) of emission of harmonic radiation is the probability

amplitude for the photon emission process [20, 21]. It has

been demonstrated explicitly within the intense-field

S-matrix theory recently (e.g., [10]) that the Fourier trans-

form (FT) of the time-dependent expectation value of the

electronic dipole operator is proportional to the quantum

transition amplitude for the HHG process of present inter-

est. Therefore, toward the goal of deriving a mathematical

expression for the dynamic HHG signal exhibiting the

ro-vibrational coherence in mind, we shall first derive the

time dependent expectation value of the electronic dipole

operator.1 We shall then construct the dynamic HHG

signals from coherently ro-vibrating linear molecules.

Finally, in Sect. 4 we shall consider the dynamic ionization

signals.

3 Molecular HHG with time-delayed interactions

The total Hamiltonian of the system consisting of a mole-

cule interacting with a pump pulse L1 at a time t and a probe

pulse L2 at a delayed time t - td, in the adiabatic

Born–Oppenheimer approximation, can be written (in a.u.:

e ¼ �h ¼ m ¼ ac ¼ 1) as [8–10]:

Htot:ðtÞ ¼ H
ð0Þ
N þ VN�L1

ðtÞ þ Hð0Þe þ Ve�L2
ðt � tdÞ ð1Þ

where HN
(0) is the nuclear Hamiltonian, VN�L1

ðtÞ the

interaction due to the pump-pulse L1 with the nuclear

motion, He
(0) is the electronic Hamiltonian, and Ve�L2

(t - td)

is the delayed interaction of the probe-pulse L2 with the

active electron. We recall that in this approximation

the electronic wavefunctions depend adiabatically on the

nuclear coordinates, R, such that their gradients, or

derivatives with respect to R, and hence the non-

adiabatic couplings, are assumed to be zero. We describe

the laser fields in terms of the vector potentials which

have the form _AðtÞ ¼ �cFðtÞ; where F(t) is the electric

field of the laser at time t. Thus, the interaction

Hamiltonians appearing above (assuming the usual dipole

approximation for the laser fields, and negligible overlap

between the pump and probe pulses) are

VN�L1
ðtÞ ¼ �l � Fð1ÞðtÞ � 1

2

X

ij

F
ð1Þ
i ðtÞaijF

ð1Þ
j ðtÞ ð2Þ

and

Ve�L2
ðt � tdÞ ¼ �d̂e � Fð2Þðt � tdÞ; ð3Þ

where l is the permanent dipole moment (if non-zero), and

aij is the polarization tensor of the molecule, and d̂e is the

electronic transition dipole operator; F(1)(t) and F(2)(t) are

the pump and the probe pulses, respectively.

The Schrödinger equation of the total interacting system

is

i
o

ot
jWðtÞi ¼ Htot:ðtÞjWðtÞi ð4Þ

and the total Green’s function of the system, G(t, t0), is

defined by

i
o

ot
� Htot:ðtÞ

� �

Gðt; t0Þ ¼ dðt � t0Þ1: ð5Þ

To obtain the desired solution of Eq. 4, we first construct

the total Green’s function by considering both the nuclear

and the electronic motions in the laser fields.

1 QED ensures that the quantum minimal coupling prescription (and/

or any of its gauge equivalent form) can be used consistently to treat

high harmonic generation from molecules. In particular, this is shown

explicitly for the S-matrix theory, either in the so-called ‘‘velocity

gauge’’ [13] and/or in the ‘‘length gauge’’ [10] that are connected to

each other by a gauge transformation. Moreover, the theoretical

results obtained recently from the quantum length gauge formulation

within the S-matrix theory [10] are in excellent agreement with recent

experimental results for dynamic HHG signals from linear molecules

(e.g., [6, 10]). Thus, there is no essential need to use the so-called

‘‘acceleration’’ expectation value. This is moreover not connected to

the quantum minimal-coupling prescription by a gauge transformation

(but it is often motivated by invoking Ehrenfest’s theorem, or by the

well-known Larmor expression for the power emitted according to

classical electrodynamics which is known of course to be not fully

satisfactory). In some theoretical formulations, ‘‘acceleration’’ expec-

tation values have been used apparently to avoid certain technical

difficulties (e.g., [12] and references cited therein).
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3.1 Driven nuclear motion

The driven nuclear motion can be described in terms of the

complete set of fundamental (linearly independent) solu-

tions of the Schrödinger equation,

i
o

ot
jUvJMðtÞi ¼ ðHð0ÞN þ VN�L1

ðtÞÞjUvJMðtÞi: ð6Þ

They are obtained by solving the coupled time-dependent

differential equations satisfied by the expansion

coefficients Cv0j0M0

vJM ðtÞ of jUv0J0M0
ðtÞi; where

jUv0J0M0
ðtÞi ¼

X

vJM

Cv0J0M0

vJM ðtÞe�iEvJM tjvJMi: ð7Þ

For the sake of simplicity and to be concrete, we have

restricted ourselves above to the basis functions

appropriate for a linear molecule, namely the angular

momentum eigenfunctions, |JMi, and, say, the Morse

vibrational wavefunctions, |vi (clearly, of course, for a

more general molecular geometry, they should be replaced

correspondingly by the appropriate nuclear basis

functions). The linear differential equations of interest are

i
o

ot
Cv0J0M0

vJM ðtÞ

¼
X

v0J0M0
hvJMjVN�L1

ðtÞjv0J0M0ieiðEvJM�Ev0J0M0 ÞtCv0J0M0

v0J0M0 ðtÞ:

ð8Þ

The set of fundamental solutions jUv0J0M0
ðtÞi is obtained

from the initial condition jUv0J0M0
ð0Þi = |v0J0M0i, i.e.,

from the solutions of Eq. 8 with the initial conditions

Cv0J0M0

vJM ðt ¼ 0Þ ¼ dv;v0
dJ;J0

dM;M0
: Equation 7 represents a

ro-vibrational wave-packet state that evolves in one-to-one

correspondence with the initial, e.g., thermally occupied

ro-vibrational eigenstates of the unperturbed molecule. It

should be recalled that these wave-packet states are linearly

independent, and like the eigenstates |vJMi of HN
(0), they

form a complete set:
X

vJM

jUvJMðtÞihUvJMðtÞj ¼ 1: ð9Þ

3.2 Driven electronic motion

The driven electronic motion arising from the interaction of

the active electron with an intense probe pulse L2 is gov-

erned by the electronic Green’s function (cf. [9, 10])

Ge(t, t0), which satisfies the equation,

i
o

ot
� ðHð0Þe þVe�L2

ðt� tdÞÞ
� �

Geðt; t0Þ ¼ dðt� t0Þ1: ð10Þ

We solve the above equation using the molecular KFR

approximation as (cf. [10]):

Geðt; t0Þ ¼ �ihðt � t0Þ
X

j;p

j/ðþÞj ðtÞij/ð�Þcv ðpðt � tdÞÞi

� h/ð�Þcv ðpðt0 � tdÞÞjh/ðþÞj ðt0Þj

¼ �ihðt � t0Þ
X

j;p

j/ðþÞj ðtÞij~pðt � tdÞie
� i

2

R t�td

t0�td
p2ðuÞdu

� h~pðt0 � tdÞjh/ðþÞj ðt0Þj; ð11Þ

where the index j runs over the electronic states of the

molecular ion, and we have defined the ‘‘asymptotic

Coulomb–Volkov’’ states |/cv
(-)(p, t)i by [22]:

j/ð�Þcv ðpðtÞÞi ¼ j~pðtÞie
� i

2

R t
p2ðuÞdu; ð12Þ

where in coordinate representation,

hrj~pðtÞi ¼ eipðtÞrþigðtÞ lnð2pðtÞrÞ: ð13Þ

p is the free momentum of the electron, and p(t) stands for

the instantaneous electron momentum in the presence of

the field: pðtÞ � ðpþ AðtÞ=cÞ; gðtÞ ¼ Z
pðtÞ is a time-

dependent Sommerfeld-parameter and Z is the asymptotic

nuclear charge. We note that the approximate ‘‘asymptotic

Coulomb–Volkov’’ wavefunction of the active electron,

which goes over to the usual Volkov wavefunction for

Z = 0, form effectively a complete set of states (i.e., to

within the approximation that the slowly varying

logarithmic phase factor is assumed to change negligibly

during the completeness integration):

X

p

j/ð�Þcv ðpðtÞÞih/ð�Þcv ðpðtÞÞj ¼ 1: ð14Þ

3.3 Total Green’s function

Thus, using Eqs. 9 and 11, we write down the total

Green’s function G(t, t0) associated with the Hamiltonian

Htot.(t) as,

Gðt; t0Þ ¼� ihðt� t0Þ

�
X

vJM;j;p

j/ðþÞj ij/ð�Þcv ðpðt� tdÞÞijUvJMðtÞie�iEþj ðt�t0Þ

� hUvJMðt0Þjh/ð�Þcv ðpðt0 � tdÞÞjh/ðþÞj j; ð15Þ

where |/cv
(-)(p(t))i are the asymptotic Coulomb–Volkov

states defined above, and |/j
(?)i stands for the molecular

orbitals of the residual ion. The validity of the above

construction of the Green’s function (15) can be readily

established by substituting it in Eq. 5 and (consistently

with the B-O adiabatic approximation) by neglecting the

derivatives of the electronic orbitals with respect to the

nuclear coordinates R.
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3.4 The state of the total system

We require the state of the total system that satisfies the initial

condition according to which the nuclear motion is prepared

(by the pump laser L1) in a ro-vibrational wavepacket state

jUV0J0M0
ðtÞi, while the electron motion is in the active

molecular orbital(s) of the ground electronic state

|/0(1, 2, ..., Ne;t)i. Thus, the initial state of the total system is

jW0ðtÞi ¼ j/0ð1; 2; :::;Ne; tÞijUv0J0M0
ðtÞi; ð16Þ

where Ne is the number of equivalent electrons in the

ground state. Using Eq. 15, we can write the state of the

system that evolves from the initial state Eq. 16 (after

the interaction with the probe laser L2) as

jWðtÞi¼ jW0ðtÞiþ
Z

t

dt0Gðt;t0ÞVe�L2
ðt0 � tdÞjW0ðt0Þi: ð17Þ

3.5 Dipole expectation value and HHG transition

amplitude

The quantum probability amplitude for the emission of a

high harmonic photon, as indicated earlier, is proportional

to the FT of the expectation value of the electronic dipole

operator [10]. The expectation value, D(t), of the dipole

operator associated with the coupling of the probe laser L2

with the active electron of the molecule, d̂e; is

DðtÞ ¼ hWðtÞjd̂ejWðtÞi

¼ hW0ðtÞjd̂ejW0ðtÞi þ hW0ðtÞjd̂e

Z

t

0

dt0Gðt; t0Þ

8

<

:

� Ve�L2
ðt0 � tdÞjW0ðt0Þi þ c.c.g þ � � �

¼ hW0ðtÞjd̂e

Z

t

0

dt0Gðt; t0ÞVe�L2
ðt0 � tdÞjW0ðt0Þi þ c.c.;

ð18Þ

where c.c. stands for the complex conjugate of the term

preceding it. In the last line, we have dropped the first term

(it corresponds to a static term or vanishes for a fixed parity

initial state) and neglected the quadratic term (consistent

with the lowest order KFR approximation [10]).

Substituting Eq. 15 in 18 we get more explicitly,

DðtÞ ¼ �i
X

vJM;j

hWv0J0M0
ðtÞ

� jh/ðþÞj ð1; 2; ::;Ne � 1; tÞjd̂ejUvJMðtÞi
Z

t

0

dt0Geðt; t0Þ

� hUvJMðt0ÞjVe�L2
ðt0 � tdÞj/0ð1; 2; ::;Ne; t0Þij

� Uv0J0M0
ðt0Þi þ c.c. ð19Þ

In the above, we have neglected the interaction of the

tightly bound ionic electrons with the probe laser field L2

(‘‘bare ion’’ approximation). If and when required, it could

be included by replacing the bare ionic states by the

corresponding ‘‘dressed’’ ionic states. The so-called Dyson

orbitals are defined by the overlap of the initial molecular

ground state and the ionic states, or

j/ðDÞj ðtÞi ¼ h/
ðþÞ
j ð1; 2; :::;Ne � 1; tÞj/0ð1; 2; :::;Ne; tÞi

¼ h/ðþÞj ð1; 2; :::;Ne � 1Þj/0ð1; 2; :::;NeÞie�i�j t

� j/ðDÞj ie�i�j t ð20Þ

where �j : |E(?)
j - E(0)|, j = 0, 1, 2, ... are the successive

ionization potentials of the molecule. In terms of the Dyson

orbitals, we may simplify the expectation value

DðtÞ ¼ � i
X

vJM;j;p

hUv0J0M0
ðtÞjh/ðDÞj ðtÞjd̂ej~pðt � tdÞijUvJMðtÞi

� e
� i

2

R t�td
p2ðuÞdu

Z

t

0

dt0e
i
2

R t0�td
p2ðuÞdu

� h~pðt0 � tdÞjhUvJMðt0ÞjVe�L2
ðt0 � tdÞ

� j/ðDÞj ðt0ÞijUv0J0M0
ðt0Þi þ c.c. ð21Þ

We may add parenthetically that the Dyson orbitals,

|/j
(D)i, and the corresponding energies, �j; implicitly

include effects of electron–electron correlation that the

usual Hartree–Fock orbitals cannot. The present theory

incorporates the Dyson orbitals in a natural way. Clearly,

therefore, they can be used if desired to replace the more

commonly used Hartree–Fock MOs and the associated

HOMO, HOMO-1,..., etc., in the present context. We

have found it also useful (e.g., in the related context of

the ‘‘inverse problem’’ of molecular orbital retrieval

(e.g., [7]) to refer to the sequence of Dyson orbitals

|/j
(D)i, j = 0, 1, 2, ..., as HODO, HODO-1,..., etc., to

distinguish them from the corresponding Hartree–Fock

orbitals. The dipole expectation value now takes the

form

DðtÞ ¼ �i
X

vJM;j;p

hUv0J0M0
ðtÞjh/ðDÞj jd̂ej~pðt � tdÞijUvJMðtÞi

�
Z

t

0

dt0e
�i
R t�td

t0�td
ðp2ðuÞ=2þ�jÞduh~pðt0 � tdÞ

� jhUvJMðt0ÞjVe�L2
ðt0 � tdÞ

� j/ðDÞj ijUv0J0M0
ðt0Þi þ c.c. ð22Þ

We change the variable, t0 ? td ? t0, and similarly,

t ? td ? t, where td is the time-delay between the pump

and the probe pulses L2 (it is usually defined by the

difference between the peaks of the pump and the probe

pulses). We may thus rewrite the above expression as
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DðtÞ ¼ � i
X

vJM;j;p

hUv0J0M0
ðtdÞjeiH

ð0Þ
N th/ðDÞj jd̂ej~pðtÞie�iH

ð0Þ
N tjUvJMðtdÞi

�
Z

tdþt

td

dt0e
�i
R t

t0
ðp2ðuÞ=2þ�jÞduhUvJMðtdÞjeiH

ð0Þ
N t0

� h~pðt0ÞjVe�L2
ðt0Þj/ðDÞj ie�iH

ð0Þ
N t0 jUv0J0M0

ðtdÞi þ c.c.

ð23Þ

where HN
(0) is the nuclear (ro-vibrational) Hamiltonian.

Assuming that the highest excitation energy of the ro-

vibrational spectrum during the process of interest lies far

below the electronic excitation energy, i.e., for

MaxðDEvJM;v0J0M0 Þ � �j¼0

� Ip(the first ionization potential);

ð24Þ

which is well satisfied in practice, the emission of a given

harmonic becomes a quasi-elastic process with respect to

the ro-vibrational transitions within the nuclear wave-

packet states. Neglecting the non-adiabatic couplings

between the nuclear and the electronic coordinates

(within the present Born–Oppenheimer approximation)

we may commute the nuclear Hamiltonian HN
(0) with the

electronic states (and the electronic dipole operators) and

further simplify the expectation value as:

DðtÞ ¼ �i
X

vJM;j;p

hUv0J0M0
ðtdÞjh/ðDÞj jd̂ej~pðtÞi

�
Z

tdþt

td

dt0e
�i
R t

t0
ðp2ðuÞ=2þ�jÞdu

� jUvJMðtdÞih~pðt0ÞjhUvJMðtdÞjVe�L2
ðt0Þj/ðDÞj i

� jUv0J0M0
ðtdÞi þ c.c. ð25Þ

In view of the completeness relation, Eq. 9, the sum

over the final wave-packet states can be carried out

immediately and we get,

DðtÞ ¼ �ihUv0J0M0
ðtdÞjDeðt;RÞjUv0J0M0

ðtdÞi ð26Þ

where we have defined the time-dependent electronic part

of the dipole expectation value by

Deðt;RÞ ¼
X

j;p

h/ðDÞj jd̂ej~pðtÞi

�
Z

tdþt

td

dt0e
�i
R t

t0
ðp2ðuÞ=2þ�jÞdu

� h~pðt0ÞjVe�L2
ðt0Þj/ðDÞj i þ c.c. ð27Þ

We may note that in the drastic ‘‘frozen nuclei’’

approximation, one would take the R-(nuclear separation

and orientation) dependent integrand in Eq. 26 outside the

integration with respect to the ro-vibrational wavepacket

states. However, in the less drastic ‘‘adiabatic nuclei’’

approximation [23, 24], only the gradients of the nuclear

coordinate dependence are neglected but the integrations

over the nuclear coordinates as such are performed as

they appear in Eq. 26. We may point out in this context

that recent observation of the so-called ‘‘anomalous’’

rotational series and lines in the Fourier spectra of

dynamic high harmonic signals and their analysis have

confirmed [8] the ability of the ‘‘adiabatic nuclei’’

approximation to account for their presence, while the

corresponding calculations using the ‘‘frozen nuclei’’

approximation could not account for them (see sec. VII

D [10]). Next, we take the FT of De(t, R) with respect to

the frequency, X, and write

Deðt;RÞ ¼ �2pi

Z

dXe�iXt ~DeðX;RÞ þ c.c. ð28Þ

We define ~DeðX ¼ nx;RÞ � ~DðnÞe ðRÞ; which is the value

of the FT at the nth peak, X = nx, where x is the

fundamental laser frequency. Or,

~DðnÞe ðRÞ ¼ FT
X

j;p

h/ðDÞj jd̂ej~pðtÞi

8

<

:

�
Z

tdþt

td

dt0e
�i
R t

t0
ðp2ðuÞ=2þ�jÞduh~pðt0ÞjVe�L2

ðt0Þj/ðDÞj i

9

=

;

� ðX ¼ nxÞ þ c.c. ð29Þ

Using the above equation we can write the FT of the

expectation value of interest, as

~D
ðnÞ
i;i ðtdÞ ¼ hUv0J0M0

ðtdÞj~DðnÞe ðRÞjUv0J0M0
ðtdÞi

� hi; tdj~DðnÞe ðRÞji; tdi; ð30Þ

where for the sake of brevity, we have written the ro-

vibrational wavepacket states jUv0J0M0
ðtdÞi as

jv0J0M0ðtdÞi ¼ ji; tdi; where i � ðv0; J0;M0Þ: ð31Þ

3.6 The dynamic HHG signal

The fundamental transition matrix element T(n)
i,i(td) for the

emission of the nth harmonic, as mentioned earlier, is

proportional to the the nth FT of the dipole expectation

value, and it is given fully by (cf. [10]):

T
ðnÞ
i;i ðtdÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pðnxÞ
p

εX � ~D
ðnÞ
i;i ðtdÞ; ð32Þ

where εX is the unit polarization vector of the emitted

harmonic radiation. Thus, the probability of emission of the

nth harmonic radiation per unit time (or the rate of

emission) from each of the ro-vibrational wavepacket

states |i, tdi = jUv0J0M0
ðtdÞi, is readily obtained from the

generalized Fermi golden rule (e.g., [21]):
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dCðnÞi ðtdÞ ¼ 2pjTðnÞi;i ðtdÞj
2dðX� nxÞd

3KX

ð2pÞ3
ð33Þ

where KX ¼ X
c ¼ nx

c is the wave number of the nth

harmonic radiation. The dynamic HHG signal for the

emission of harmonic radiation from the ensemble of target

molecules in the pump–probe experiments corresponds to

the statistical average of the nth harmonic emission

probability with respect to the initial thermal distribution

of the ro-vibrational eigenstates at a gas temperature T.

Thus, the dynamic HHG signal as a function of td is given

by,

dSðnÞðtd; K̂X k ĵxÞ
dK̂X

¼
X

i

qijεX � ~D
ðnÞ
i;i ðtdÞj2

ðnxÞ3

2pc3
; ð34Þ

where qi is the Boltzmann distribution of the initial

ro-vibrational states i � ðv0; J0;M0Þ; qi ¼ qv0J0M0
¼

e�Ev0J0M0
=kBT=ZP; where kB is the Boltzmann constant, ZP ¼

P

v0J0M0
e�Ev0J0M0

=kBT is the partition function (one may note

that the zero-point energy corresponds to the lowest

allowed eigenvalue Ev0
= vmin, J0 = Jmin, M0 = Mmin of

the molecule). Equation 34 is the desired final expression

for the dynamic HHG signal for the simultaneous excita-

tion and detection of ro-vibrational coherence. It should be

noted that if one formally drops the vibrational degrees of

freedom in this result, then it reduces as required to the

dynamic HHG signal for the rotational coherence derived

(and investigated in great details) by us earlier [10].

Before concluding this work we briefly outline the

derivation of the corresponding signal for ionization in

intense-field pump–probe experiments, and provide an

illustrative analytic example of vibrational coherence in the

form of a ‘‘clock-motion’’ in a diatomic molecule, as

mentioned earlier.

4 Dynamic ionization signal

Within the S-matrix theory, the pump–probe signal show-

ing ro-vibrational coherence in the ionization channel can

be derived in a similar way. In fact, the result can be

written requiring only the ionization transition into the

Volkov state |/cv
(-)(p(t))i. Formally, this gives an expres-

sion analogous to the first part of the generalized dipole

operator, derived above, involving only the ‘‘bound-free’’

transition to the Volkov state. We assume that the active

MO in coordinate representation can be expressed as:

hrj/0i ¼
X

N

i¼1

X

jmax

j¼1

c
ðiÞ
j /ðiÞj ðr� RiÞ; ð35Þ

where R : {R1, R2, ..., RN} and r stand for the

coordinates of the nuclei and the active electron,

respectively, and the coefficients cj
(i) arise from the linear

superposition of the atomic orbitals |/j
(i)i, j = 1, 2, ..., jmax.

For the sake of simplicity, one may obtain the MOs from

Hartree–Fock variational approximation [25]. Then, in the

lowest order (KFR1 approximation), the T-matrix for

ionization by absorption of n photons from an intense field,

as shown first in [14], takes the form:

T
ðnÞ
ion ðp;RÞ ¼

x
2p

Z

2p=x

0

dtei
R t
ðp2ðt0Þ=2þIpÞdt0

�
X

i;j

c
ðiÞ
j

Z

d3re�igðtÞ lnð2pðtÞrÞe�ipðtÞ�r

� ð�FðtÞ � rÞ/ðiÞj ðr� RiÞ; ð36Þ

where x is the central frequency of the laser, gðtÞ ¼ Z
pðtÞ;

and Ip is the (first) ionization potential. Using the

generalized Fermi golden rule, and the transition matrix

Eq. 36, we obtain the dynamic differential rate of

ionization due to the absorption of n photons:

dCðnÞionðtd; pÞ ¼ 2pjhUv0J0M0
ðtdÞjT ðnÞion ðp;RÞjUv0;J0;M0

ðtdÞij2

� dðp2=2þ Up þ Ip � nxÞ d3p

ð2pÞ3
; ð37Þ

where p is the momentum of the ejected electron. Summing

over all allowed photon numbers n C n0 : [(Ip ? Up)/

x]int. ? 1 and taking the thermal average with respect to

the Boltzmann distribution of the ro-vibrational states, we

obtain the dynamic ionization signal:

dS
ðnÞ
ionðtd; p̂Þ

dp̂
¼ 2p

X

n	 n0

X

v0;J0;M0

qv0;J0;M0
jhUv0J0M0

ðtdÞjT ðnÞion ðp;RÞj

� Uv0;J0;M0
ðtdÞij2qðEðpnÞÞ; ð38Þ

where qðEðpnÞÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnx� Ip � UpÞ
p

=ð2pÞ3 is the density

of final states per unit interval of the kinetic energy of the

emitted electron due to absorption of n photons, and

dp̂ ¼ sin hpdhpd/p.

4.1 A molecular clock

Below we give a simple analytic example of the excitation

of coherent vibrations in a homonuclear diatomic mole-

cule. Since the latter does not possess any permanent

dipole moment, the laser–molecule interaction in the

electronic ground state of the molecule is mediated by the

polarizability a(R) alone, which might vary slowly with

the internuclear separation R. Note that for a common laser

frequency x, such that the energy of the photon is smaller

than the first electronic excitation energy of the molecule,

a(R) is a positive quantity. Let the electric field of the

linearly polarized incident laser pulse be given by,
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FðtÞ � F0ðtÞ cosðxt þ dÞ; ð39Þ

where F0(t) is the pulse envelope and d is an initial phase

(measured, e.g., from the peak of the pulse, assumed to

occur at t = 0). The laser–molecule interaction potential

can be written therefore as

VðR; tÞ ¼ � 1

2
aðRÞF2ðtÞ

¼ � 1

2
aðRÞF2

0ðtÞ cos2ðxt þ dÞ:
ð40Þ

The slow variation of a(R) about the equilibrium

separation R = Re allows one to approximate it by a

linear expansion, a(R) = a(Re) ? a0(Re)(R - Re) where

a0(Re) is its derivative at the equilibrium distance Re. Thus,

the Hamiltonian of the vibrational motion can be

approximated as,

Hðn; tÞ ¼ � 1

2l
o2

on2
þ 1

2
lx2

0n
2 � 1

2
F2ðtÞaðReÞ

� 1

2
F2ðtÞRea

0ðReÞn; ð41Þ

where n is defined by n : (R - Re)/Re, and F(t) is given

by Eq. 39. The corresponding Schrödinger equation,

i
o

ot
jWðtÞi ¼ Hðn; tÞjWðtÞi ð42Þ

can be solved in various ways (e.g., by path-integral

method [26]). We note that at room temperature or below,

essentially only the vibrational ground state is occupied for

the lighter diatomics. We write the total wavepacket

solution satisfying the initial condition, |W(t0)i : |v = 0i,
as:

jWðtÞi ¼
X

v

CvðtÞjvie�iEvte
i
2
aðReÞ

R t

t0
F2ðt0Þdt0

: ð43Þ

We obtain the corresponding occupation amplitude

CvðtÞ ¼
ð�iÞv
ffiffiffiffi

v!
p e

�
R t

t0
_u
ðt0Þuðt0Þdt0 ½uðtÞ�v=v!; ð44Þ

where

uðtÞ ¼ i

2
Rea

0ðReÞn01

Z

t

t0

F2ðt0Þeix0t0dt0 ð45Þ

and n01 is the matrix element of the coordinate n with

respect to the ground and the first excited vibrational state

wavefunctions, /0(n) = hn|0i; /1(n) = hn|1i and

x0 ¼ ðE1 � E0Þ=�h � x01 ð46Þ

is the transition frequency. We are now in a position to

determine the ionization signal due to the probe pulse,

including the amount of the phase shift /S to be observed

in the signal. The phase shift /S of the signal is determined

by the phase of the product of the complex dynamic

amplitudes

ZðtÞ ¼ C
0ðtÞC1ðtÞ: ð47Þ

We substitute Eqs. 44 and 45 in Eq. 47 and note that

Z

t

t0

ð _u
ðt0Þuðt0Þ þ c.c.Þdt0 ¼
Z

t

t0

ð _u
ðt0Þuðt0Þ þ _uðt0Þu
ðt0ÞÞdt0

¼
Z

t

t0

o

ot0
ðu
ðt0Þuðt0ÞÞdt0

¼ ðu
ðtÞuðtÞÞ
¼ juðtÞj2; ð48Þ

where we have used the initial condition u(t0) = 0. Thus,

we have the simple expression,

ZðtÞ ¼ e�juðtÞj
2

uðtÞ: ð49Þ

Hence the ionization signal becomes:

SðtdÞ ¼ hv0jTionðRÞTyionðRÞjv0ijC0ðsÞj2

þ hv1jTionðRÞTyionðRÞjv1ijC1ðsÞj2

þ fhv0jTionðRÞTyionðRÞjv1iC
0ðsÞC1ðsÞeix01td þ c.c.g;
ð50Þ

where s is the duration of the pump pulse. This we may

rewrite more suggestively as,

SðtdÞ ¼ SA þ SB cos ðx01td þ /SÞ; ð51Þ

where SA is the sum of the two constant terms of Eq. 50.

We have expressed the third term above as 1
2
jSBjeiðx01tdþ/SÞ;

where the oscillation frequency x01 ¼ ðE1 � E0Þ=�h, and

the amplitude SB = ((Re(T01(s))2 ? (Im(T01(s))2)1/2, where

T01(s) : hv0|(|Tion(R)|2)|v1iC0
*(s)C1(s) stands for the

complex pre-factor of the third term in Eq. 50. Clearly

the above result predicts a coherent periodic motion of

the ionization signal as a function of the time-delay td,

with a frequency equal to the transition frequency

x01 ¼ ðE1 � E0Þ=�h between the two vibrational levels,

and a finite phase-shift given by /S ¼ arctan ðImðT01ðsÞÞ=
ReðT01ðsÞÞÞ. To see the close connection between the

coherent ionization signal, Eq. 50 above, and the local

variation of the nuclear positions driven by the ionizing field,

we compute the expectation value of the deviation of the

nuclear separation R whose equilibrium value is Re. Semi-

classically, we may associate with the above motion a

variation of the center of the vibrational wave-packet state

that could be excited by the pump pulse from the initially

occupied vibrational ground state |v = 0i.
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hRiðtÞ ¼ Re þ hUv0
ðtÞjðR� ReÞjUv0

ðtÞi
¼ Re þ RehUv0

ðtÞjðR� ReÞ=RejUv0
ðtÞi

¼ Reð1þ jC0ðsÞj2hv0jnjv0i þ jC1ðsÞj2hv1jnjv1iÞ
þ ReðfC0ðsÞC
1ðsÞhv1jnjv0ieix01td þ c.c.gÞ
¼ ReðAþ jBj cosðx01td þ /ÞÞ ð52Þ

where we have used hv1|(R - Re)|v0i = Re hv1|n|v0i, etc.

We note that the vibrational transition matrix elements are

real, and we have written the sum of the constant terms as

ReA, and the amplitude of the interference term as
1
2
RejBjei/, where the phase shift / ¼ arctanðImðC0

ðsÞC
1ðsÞÞ=ReðC0ðsÞC
1ðsÞÞÞ. This result explicitly shows

that the nuclear separation as a function of time hRi(t),
t : s ? td executes a coherent periodic oscillation with a

frequency equal to the vibrational excitation frequency,

x01 ¼ ðE1 � E0Þ=�h. Moreover, this clock-motion shows a

definite phase shift / defined above. We may conclude by

pointing out that when a large number of states are excited

by the pump-pulse (e.g., in the case of a heavy diatomic

molecule), a more involved modulation of the ionization

current is to be expected that should be characterized by

quasi-periodic fractional revivals of the ionization signal

(analogous to the revivals in the case of the rotational

coherence [9, 10]).

5 Summary

A theory of excitation of coherent ro-vibrational motions in

linear molecules and their detection in dynamic HHG and

ionization signals in intense-field pump–probe experiments

is presented. Explicit expressions correlating the nuclear

motions in real time with the modulation of the HHG and

ionization signals are derived, and a simple analytic

example of the excitation of the ‘‘molecular clock’’ motion,

associated with the ‘‘0–1’’ vibration in a homonuclear

diatomic molecule, and its detection in the ionization sig-

nal, is given.

References

1. Kanai T, Minemoto S, Sakai H (2005) Nature 435:470

2. Baker S, Robinson JS, Haworth CA, Teng H, Smith RA, Chirila CC,

Lein M, Tisch JWG, Marangos JP (2006) Science 312:424

3. Corkum PB, Krausz F (2007) Nature Phys 3:381

4. Torres R, Kajumba N, Underwood JG, Robinson JS, Baker S,

Tisch JWG, de Nalda R, Bryan WA, Velotta R, Altucci C,

Turco ICE, Marangos JP (2007) Phys Rev Lett 98:203007

5. Kajumba N, Torres R, Baker S, Robinson JS, Tisch JWG,

Marangos JP, Underwood JG, de Nalda R, Altucci C, Velotta R,

Bryan WA, Turcu ICE et al (2006) Central laser facility annual

report 2005/2006V. Rutherford Appleton Laboratory, UK, p 80

6. Yoshii K, Miyaji G, Miyazaki K (2008) Phys Rev Lett

101:183902

7. Lein M (2007) J Phys B 40:R135

8. Faisal FHM, Abdurrouf A, Miyazaki K, Miyaji G (2007) Phys

Rev Lett 98:143001

9. Faisal FHM, Abdurrouf A (2008) Phys Rev Lett 100:123005

10. Abdurrouf A, Faisal FHM (2009) Phys Rev A 79:023405

11. Bandrauk AD, Chelkowski S, Kawai S, Lu H (2008) Phys Rev

Lett 101:153901

12. Bandrauk AD, Chelkowski S, Lu H (2009) J Phys B 42:075602

13. Becker A, Faisal FHM (2005) J Phys B 38:R1–R56
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